The erosion of a model stratospheric polar vortex in response to bottom boundary forcing is investigated numerically. Stripping of filaments of air from the polar vortex has been implicated in the occurrence of stratospheric sudden warmings (SSWs) but it is not understood in detail what factors determine the rate and amount of stripping. Here a shallow water vortex forced by topography is used to investigate the factors initiating stripping and whether this leads the vortex to undergo an SSW. It is found that the amplitude of topographic forcing must exceed some threshold (of order 200m -450m) in order for significant stripping to occur. For larger forcing amplitudes significant stripping occurs, but not as an instantaneous response to the forcing; rather, the forcing appears to initiate a process that ultimately results in stripping several tens of days later.
Introduction
The stratospheric polar vortex is a dominant feature of the winter stratosphere. Variations in the polar vortex, such as stratospheric sudden warmings (SSWs) can have effects that influence surface climate [1] . At the start of winter a large cyclonic vortex is formed by radiative forcing. During the winter fila-5 ments of air are stripped from the edge of the vortex, reducing the area of the vortex and sharpening its edge [8] , and are mixed into the surrounding region forming a relatively well mixed 'surf zone' [11] . The stripping process has implications for chemical transport [19, 15] and is also thought to 'precondition' the vortex, making it more susceptible to sudden warmings [4, 7] . However, it is not 10 understood in detail what factors determine the rate and amount of stripping.
Shallow water models have long been used to investigate vortex dynamics, especially those of the polar vortex. The main advantage of using a shallow water model over more realistic, multi-layer models is that a larger area of the parameter space can be explored. As much of the motion in the stratosphere 15 is along isentropic surfaces shallow water models are also well suited to investigating stratospheric dynamics.
There have been two main approaches to investigation of vortex erosion in these experiments. Some studies have imposed a wave-like forcing on the lower boundary, while others have embedded a vortex in an externally imposed flow.
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Mixing in a model vortex under wave-like forcing has been investigated [e.g. 12, 16] , and the effect of the forcing amplitude in single and multi-layer models [e.g. 13, 9, 10] . The amount of mass mixed from the vortex into the surf zone has been found to be much less than that mixed from the tropics into the surf zone.
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Esler and Matthewman [10] looked at the effect of topographic forcing height and significance of background flow on the onset of vortex splitting. They found that for a given background flow, when the forcing increases past a particular value a bifurcation takes place causing the system to transition into a state in which a splitting can occur. This suggests that there may be a threshold in the 30 amplitude of the forcing required to produce a vortex displacement or splitting event.
The other main approach is to embed a vortex in an externally imposed barotropic flow [e.g. 5, 8, 6] . This simulates the effects that other vortices have on the erosion of the polar vortex. In the presence of these externally imposed 35 flows, if the externally imposed shear is very weak the vortex remains intact.
If the externally imposed flow is increased but remains weak then the contours near the edge of the vortex become stripped until it can maintain a quasisteady state. Under strong externally imposed flows the vortex can no longer maintain a steady state and breaks down. The first two regimes show that when 40 the externally imposed strain growth is slow enough the vortex goes through a series of equilibrium states. This gives rise to the question in the third bullet point below, which will be investigated using a bottom boundary forcing rather than the externally imposed flow of Legras et al. [6] .
The main questions of interest in the following experiments are:
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• Is there a threshold in the forcing amplitude to initiate stripping?
• Is there a quantitative relationship between the forcing amplitude and the amount of stripping?
• When the forcing increases at a slow enough rate does the vortex go through a series of quasi-steady states?
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• What are the criteria for the vortex to break down; is there some threshold forcing amplitude above which the vortex breaks down?
• Is there a systematic difference between the response of the vortex to wave 1 and wave 2 forcings?
Answering these questions will aid understanding of the dynamics of the polar 55 vortex and the conditions needed for SSWs to occur. In section 2 the details of the model and experiments will be explained, and in section 3 the integral diagnostics used are described. The results are shown in section 4 and in section 5 the conclusions are presented.
Experimental Details
Stripping is investigated using the finite element shallow water model of Thuburn and Cotter [18] . The model uses a finite element based method to solve the rotating shallow water equations on a sphere and is capable of solving the dynamical equations (see below) on an unstructured grid. Here a cubed sphere grid is used.
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The dynamical equations in the model take the form
where Φ = gh is the geopotential, g is the gravitational acceleration, h is the fluid depth, Φ s is the geopotential of the topography, u = (u, v, 0) is the horizontal velocity and Q is the potential vorticity (PV). The free surface geopotential is Φ + Φ s (see Figure 1 ). The prognostic variables of the model are Φ and u. In
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the shallow water equations the PV can be formulated as
where ζ is the relative vorticity and f is the Coriolis parameter. The numerics of the model are formulated in such a way that the PV evolves as if the PV conservation law
itself were to be integrated rather than the dynamical equations (1) and (2) .
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This means that an accurate and conserving advection scheme may be used while maintaining desirable PV advection properties. This, in turn, helps to ensure that the diagnostics discussed in section 3 are not contaminated by numerical artefacts.
In the model there are no explicit diabatic effects or frictional terms meaning 80 that mass transport across contours of PV is only due to small-scale mixing within the advection scheme. When features of PV contours reach scales which are below those resolved by the model they become mixed into the background flow.
The topography Φ s consists of a zonally symmetric part, Φ, corresponding
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to the initial condition plus a time-varying mountain, Φ pert , which imposes a wave-like forcing on the flow. The topography then takes the form
The mountain is described by the equation
with λ denoting geographical longitude and φ denoting geographical latitude.
The height of the mountain at time t is given as
We choose H * = 2000m. τ is a parameter controlling the rate of growth of the mountain and H max is the maximum height of the mountain (0 ≤ H max ≤ H * ).
The height of the mountain is increased monotonically in time and then frozen at the maximum height H max as soon as that height is attained. The full mountain height H * would be reached at time t = τ . M (λ, φ) is the shape of the mountain 95 and takes the form
where m is the zonal wavenumber of the forcing, φ 0 = π 3 and ∆φ = π 12 . This mountain is similar in size and shape to the wave-1/wave-2 component of the geopotential in the wintertime stratosphere. A similar mountain has been used in previous work (e.g., [12] ). 
Integral diagnostics
To examine stripping of mass from the vortex several diagnostic quantities 120 will be used. These are Lagrangian integral diagnostics which are changed 
Mass integral
The mass within the PV = Q contour is given by
as in [17] . This is in fact a volume (multiplied by the gravity term g which is constant) and not a mass, but if density is taken to be constant unity then this quantity will have all the features of a true mass integral.
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Since there is no diabatic heating (i.e. no mass source term in equation (1)), the amount of mass crossing a given PV contour is equal to the change of mass within that contour. Thus, transport across PV contours can be inferred from time series of M(Q). This will be used here as a Lagrangian diagnostic of vortex erosion by focussing on particular PV contours close to the vortex edge. 
Circulation
The circulation around a PV=Q contour is defined as
where u abs is the fluid velocity in absolute reference frame. Using Stokes' theorem and equation (3) this can be expressed as
which is the form which will be calculated in the model. 
SSWs in the Shallow Water Model
The WMO definition of an SSW states that an SSW has occurred when the zonal mean temperature gradient between 60 o and 85 o north at 10hPa is reversed, accompanied by a reversal of the zonal mean zonal winds in the same region.
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In order to identify if a simulated sudden warming occurs in the shallow water model, and if so at what point it can be said to occur, the sign of the zonal mean zonal winds at 60 o north is calculated. Using Stokes' theorem this can be expressed as an area integral of the relative vorticity:
An SSW can then be defined to have occurred if/when the value of this integral 150 changes sign.
Wave Activity
Wave activity diagnostics for the model can be calculated using the integral diagnostics outlined above. The conservation equation for the wave activity in a shallow water model takes the form [2, 17] 155 ∂A ∂t
where B represents lower boundary forcing and D represents sources and sinks due to irreversible mixing and diabatic and frictional processes. The wave activity is (14) where m Using the relationship between mass and circulation in PV-space [17],
applied to the reference state, equation (14) can be written as
This expression consists of two terms, one of which, −
Φeue cos φ g
, approximately
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represents gravity waves while the other, Since the initial state is a balanced flow the reference state is taken to be the initial state meaning that
The integral of the wave activity A over the domain is related to the time integral of the lower boundary forcing [17] and can be interpreted as a measure 175 of rearrangement of PV. This makes it a good candidate for being a useful quantity in studying vortex erosion.
Model Results
The goal of our model experiments is to investigate vortex erosion by stripping of filaments of air as a function of three main parameters: the forcing 180 amplitude given as the maximum mountain height H max , the timescale of increase in topography τ and the zonal wavenumber m of the forcing.
Two sets of wave 1 experiments were performed. In the first H max is fixed at 2000m and the rate of growth of the forcing τ is varied. For a PV contour close to the vortex edge (Q = 3.328 × 10 −9 s m −2 ), the mass stripped is given by To rule out numerical effects a range of resolutions were examined. Figure 3 shows that for low resolutions numerical effects play a large role in the evolution for the faster growing mountains there is no stripping until after the maximum 220 height has been reached. This can also be seen in figure 4 where stripping There does not seem to be any threshold in the amount of mass removed from or added to either of the PV contours shown here before the rate of stripping starts to increase above the level of the 200m mountain, rather it is the size of the forcing and not the amount of mass removed from or gained by the PV contour that is responsible for the contour starting to lose mass more rapidly.
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The final amount of mass removed from the vortex depends on H max but there is not a linear relationship between the two quantities.
The PV contour shown in figure 4 
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As well as the period of the mass gain being longer as the final height of the mountain becomes smaller, the amount of mass gained by the PV contour also increases, attaining a maximum when the final height of the mountain is 550m.
For the runs where the mountain height is less than 450m the amount of mass within this contour is larger at the end of the experiment than at the start as 255 shown in figure 4(b) .
Some understanding of why the inner contour in Fig. 4 gains mass temporarily can be obtained by using the relationship between mass and circulation of equation (15) to show that the area under the curves in M-Q plots should be conserved. On PV contours with negligible mixing the circulation will be 260 conserved. Consider two such contours Q 1 and Q 2 ; for example the contours initially at the equator and north pole. Then, during the evolution, ∆C(Q 1 ) = 0 and ∆C(Q 2 ) = 0. Hence,
This means that the area under the curves in M-Q space between the PV values oval shaped. One of these can be seen in Figure 7 at day 173.
In the cases of the other final mountain heights the same effect can be seen in the period where the rate of mass removal significantly decreases, around 115 model days in most cases. In the case of the 2000m mountain the vortex has 320 become almost completely eroded.
As noted above, the amount of mass stripped from the vortex does not appear to be proportional to the amplitude of the forcing. The wave activity A (equation (16)), however, can be related to a measure of the accumulated forcing.
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Using the initial zonally symmetric state as the reference state in equation (16) the wave activity was calculated for various model runs. Figure 8 shows the wave activity A for the wave 1 case with a mountain of height 700m.
In the period up until the mountains reach their maximum heights the profiles of the wave activity are identical to that of the 2000m mountain. As the 330 smaller mountains reach their maximum heights the profile then diverges from that of the larger forcing.
The wave activity begins very small, but after a period of 20 model days a wave 2 pattern starts to emerge. The terms in the wave activity equation (16) are second order in disturbance quantities, so maps of A for a wavenumber 1 335 disturbance will show wavenumber 2 patterns, which is the case here for small amplitude forcing. As it starts to become more asymmetric A starts to pick out some of the anticyclones surrounding the vortex. For example at day 52 the area of the largest anticyclone is clearly picked out as well as several of the smaller ones. On the inner PV contour (panel (b) in Figure 4 and Figure 9 ) the period where mass is being entrained into the vortex corresponds almost exactly to the period when the integrated wave activity is increasing. Other than the case of would expect to see that the total amount of mass removed is related to the forcing amplitude which is not the case in these experiments.
4.4.
What are the criteria for the vortex to break down; is there some threshold forcing amplitude above which the vortex breaks down?
Using the criterion of equation (12), when the mountain is grown to heights of 380 450m or higher the sign of the vorticity integral given by equation (12) at some time during the experiment, indicating that an SSW-like event has occurred, and the vortex can be seen to have displaced from the pole (see figure   10 for the 600m mountain for example). When the mountain is grown to lower heights (400m and below) the sign of the vorticity integral does not change 385 indicating that for these forcing amplitudes the model vortex does not undergo an SSW event.
The time of occurrence of an SSW as a function of the maximum mountain height H max is listed in Table 1 The amount of mass initially moved into the vortex in panel (b) is much larger than for wave 1 forcing. The stripping rate is also larger on the inner contour than for the wave 1 forcing, though it is similar for the outer contour. where smaller forcing produces more mass loss than larger forcing. This is due to the edge of the vortex becoming strengthened for some of the forcings, preventing further significant stripping, while this does not happen for others.
Discussion and Conclusions
A shallow water model has been used to investigate stripping of filaments of what may cause this to happen in some cases but not in others. This would be an area for further study. It is a reasonable hypothesis that the non-monotonic dependence of mass stripped on the maximum mountain height H max is due to the chaotic nature of wave breaking; we have no other plausible explanation.
Matthewman and Esler [9] looked at the effect of topographic forcing height and Esler [9] . This would also account for the fact that some larger forcings do not induce SSWs while smaller ones do.
In contrast, Esler and Matthewman [10] found that in the case of displacement SSWs the dynamics are much more complex than they are for the case
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of vortex splitting events. The more varied results for the wave 1 experiments performed here appear to be in agreement with the conclusion of Esler and
Matthewman [10] in this respect. The theory of Esler and Matthewman [10] does not explain the fact that some smaller forcings can produce SSWs while intermediate ones do not.
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In both the wave 1 and wave 2 cases there seems to be a certain amplitude of forcing below which there is no significant stripping of air initiated. This threshold forcing is larger for the wave 2 forcing (around 450m) than for the wave 1 case (where all mountains larger than 200m initiate significant amounts of stripping). The difference in mass removed between the negligible case and 485 the smallest where stripping is initiated is also much larger in the wave 2 case than the wave 1 case where once stripping starts it appears to carry on for far longer.
Using the criterion of equation (12) to identify when SSW-like events have occurred shows that they can be produced for fairly small forcing amplitudes.
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In the case of the wave 1 forcing SSWs are produced for forcings over 500m.
In these the vortex looks similar to that of the real northern hemisphere polar vortex during a displacement event. In the case of the wave 2 forcing not all of the warmings produced resembled those seen in the stratospheric vortex.
For smaller forcings the vortex remains centred exactly over the pole while equation (12) defines an SSW to have occurred. For larger forcings the vortex can be seen to split into two parts and resemble more closely the split vortex composite of Seviour et al. [14] .
To answer the questions posed in the introduction:
• Is there a threshold in the forcing amplitude to initiate strip-500 ping? In the experiments studied here 200m is the threshold to initiate stripping of mass from the vortex for wave 1 forcing and 450m for wave 2.
• Is there a quantitative relationship between the forcing amplitude and the amount of stripping? There does not appear to be any simple, direct relation between the amount of air stripped and the 505 mountain height. However, the amount of stripping is a function of the integrated wave activity, which is itself related to the accumulated strength of the forcing.
• When the forcing increases at a slow enough rate does the vortex go through a series of quasi steady states? The vortex does 510 not experience a series of quasi-steady states on its way to being eroded.
Rather, the forcing appears to initiate a process that results in stripping several tens of days later.
• What are the criteria for the vortex to break down; is there a threshold forcing amplitude above which the vortex breaks 515 down? The criteria for the vortex to break down are still unknown. It does not appear to be related in any simple way to the strength of the forcing or the amount of mass stripped from the vortex.
• Is there a systematic difference between the response of the vortex to wave 1 and wave 2 forcings? There is a systematic difference in the forcing amplitude needed to initiate the stripping (first bullet). The qualitative conclusions of the second, third and fourth bullets hold for both wave 1 and wave 2 forcing.
The jet shape and location in the initial velocity field have been kept fixed throughout the experiments, as well as the location and shape of the mountain.
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It is likely that these factors play a role in the rate and total amount of stripping experienced by the vortex. The values adopted in this study were chosen to be similar to what can be seen in the real winter stratosphere, but further experiments looking at these parameters would allow determination of the relative importance of these factors in relation to the amplitude or rate of growth of the 530 forcing.
Appendix A. Initial Conditions
The initial conditions are set by starting with a zonally symmetric velocity field u(φ) similar to that which would be found in the winter stratosphere. This is then integrated using the gradient wind balance 
